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ABSTRACT

We consider a class of nonlinear, nonlocal parabolic equations featuring a
Kirchhoff-type term and variable exponent growth. These equations naturally arise in
the modeling of complex physical processes such as electrorheological fluids and
anisotropic diffusion, where the interplay between nonstandard growth conditions and
nonlocal effects is particularly significant. Motivated by the recent contribution of M.
Ait Hammou [Kragujevac J. Math, 47(4), 523-529 (2023)], who employed topological
degree theory to address quasilinear parabolic problems involving the p(x)-
Laplacian, we broaden this analytical framework to encompass Leray—Lions type
operators with gradient dependence, coupled with Kirchhoff-type nonlocal
coefficients. Building on this foundation, we employ a carefully refined version of the
Berkovits—Mustonen degree theory to establish the existence of weak solutions in
variable exponent Sobolev spaces. Our analysis relies on verifying key structural
properties of the associated operators—such as continuity, boundedness, and the
(S4)-condition—which facilitate the application of a fixed point argument to operator
sums. This work expands the applicability of topological methods to a broader class
of nonlinear parabolic equations, including a wide range of models with nonstandard
diffusion and nonlocal effects.

Keywords: Nonlocal parabolic problems, p(x) —Laplacian, topological degree,
variable exponents
1. Introduction V= PO (O, T: W01,p(.)m)),

Nonlinear parabolic problems with

variable exponent growth have gained accommodating spatial variability in the

significant attention in recent decades growth conditions. Existence results in

due to their capacity to model a wide this framework are typically derived
using monotonicity or variational
techniques [4], [5].

A notable advance was made by Ait

range of physical phenomena, such as
electrorheological fluids, non-
Newtonian flows, and anisotropic

diffusion processes [1], [2], [3]. A key ~ Hammou [6], who applied the
topological degree theory of Berkovits

and Mustonen [7] to establish the
existence of weak solutions for a

class of such models involves the p(x)-
Laplacian operator:
Ay = div(|Vu[P™—2vy),

ili boli blem involvi
which has been extensively studied in quastiinear parabolic problem Mmvoiving

the reflexive Banach space the p(x)-Laplacian:
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u —Adppu=f inQ:=0x(0,T),

u=20 on a2 x (0,T),
u(x,0) =uy(x) inn,
where the right-hand side f s

understood as an element of the dual

space V*, with

V ={uew||Vul € LPOQ)}
,and uy € L2(Q).

where W™ = LP~ (0, T; W-P0) (n)).

The novel aspect of this approach
lies in treating the problem through
operator sums of the form L + S, where
L is a linear maximal monotone operator,
and S is a bounded, demicontinuous, and
(S,)-type mapping. This enabled the
establishment of solvability in V without
relying on variational structures.

At the conclusion of [6], a natural

question was raised:
Can the degree-theoretic approach be
extended to more general nonlinearities,
such as those of the Leray—Lions type
depending on the gradient?

This paper aims to answer this
question affirmatively. We investigate a
class of doubly nonlinear parabolic
problems involving a  nonlocal
Kirchhoff-type coefficient and a Leray—
Lions type operator. Specifically, we
consider the problem (1.1) given by

ur —My(t)diva =h inQ:=02x (0,T),

u=20 on 42 x (0,7),
u(x,0) = uy(x) in 0,
Where

e M:[0,00) > [0, ) is a continuous,

non-decreasing Kirchhoff function,

118

° and

A(x,t, &) a(x,t, &)

Carathéodory functions satisfying

arc

appropriate growth and
monotonicity conditions,
h € V* is a given source term,

Ug € L?(£2) is the initial datum,
My(t) = M([, A (x,t,Vu) dx),

and div a := diva(x,t,Vu).
This model extends that of Ait

Hammou in two fundamental directions.
First, the differential operator is of
Leray—-Lions type, exhibiting nonlinear
dependence on the gradient. Second, it
incorporates a nonlocal Kirchhoff
coefficient M that depends on the total
energy [, A (x,t,Vu)dx, introducing
both strong nonlinearity and nonlocal
effects into the system.

By suitably adapting the topological
degree framework of Berkovits and
Mustonen, we establish the existence of
weak solutions under general structural
Our
expands the scope of degree-theoretic

conditions. result significantly
methods to encompass broader classes of

nonlinear evolution equations, and
their

handling physically relevant models

demonstrates effectiveness in

involving  gradient-dependent  and
nonlocal nonlinearities.
2. Literature Review

Nonlinear parabolic problems with
variable exponent growth have attracted

increasing attention in recent decades

due to their ability to model
electrorheological fluids, non-
Newtonian flows, and anisotropic
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diffusion processes [1], [2], [3]. Central
to this field is the p(x)-Laplacian
which has studied

in variable-exponent

operator, been
extensively
Sobolev spaces, where existence results
are typically derived using monotonicity

[5]. A

significant breakthrough was achieved

and variational arguments [4],

by Ait Hammou [6], who employed the
topological degree theory of Berkovits
and Mustonen [7] to establish weak
solvability for quasilinear parabolic
problems without relying on variational
this
leaves open the extension to more

structures. However, approach
general Leray—Lions type operators and,
in particular, to Kirchhoff-type problems
the

nonlocally on the total energy. This gap

where coefficients  depend
is especially relevant since renormalized

solutions and existence results for

variable  exponent and nonlocal
frameworks remain a topic of current
investigation [8], [9], [10]. Motivated by
this, the present work adapts the degree-
theoretic  framework to parabolic
equations driven by a Leray-Lions
operator coupled with a Kirchhoff-type
the

applicability of topological methods to a

coefficient, thereby expanding
broader class of nonlinear and nonlocal
evolution problems.
3. Theoretical basis

3.1. Function Space Setting with
Variable Exponents

We work within the framework of
variable and

exponent Lebesgue

Sobolev spaces, which provide a natural
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setting for nonlinear problems with
nonstandard growth. Let 2 ¢ RN (N >
2) be a bounded Lipschitz domain, and
let p:0—[1,0) be a measurable
function satisfying

1<p := esse}znfp(x) < p(x)
X
< p*:=esssupp(x)
XEN
< oo,

The space LPO(Q) consists of
measurable functions u such that
S ()P dx < oo,

equipped with the Luxemburg norm
= inf{1 > 0:

J- |u(x)

”u”LP(-)(_Q)
p(x)

)

The corresponding Sobolev space
Wol’p(')(.(l) consists of functions in
LPO(Q) with weak gradient in
(Lp(') (.Q))N and with zero trace on the
boundary df2, endowed with the norm
[lul| : = IIVuIILp(.)m). These spaces are
reflexive,

separable, and uniformly

convex; their duals are Lp’(') (2) and

w-12"9 (), where ()+ = 1.

Under the log-Holder continuity

'(x)

condition

lp(x) —p)| <

yl <5

the space C&°(£2) is dense in W,"*©(12),
and a generalized Poincaré inequality
holds.

To incorporate time dependence, we

for |x —
x-y|’

N R

consider the space-time cylinder Q
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;=01 % (0,T) for some T > 0, with the

p(x,t) : = p(x).
Following [8], we define the evolution

extended exponent
space

Vi={uew:|vul € LPO(Q)},
which provides a natural setting for
studying nonlinear problems involving
nonstandard growth. The space V is a
reflexive and separable Banach space,
equipped with the norm

el = laellw- + 19ull pog,
or, alternatively, with the equivalent
norm

lelly = V2l oo g
Moreover, the space V satisfies the
continuous embeddings
Wroevoews,

where W+ = LP" (0, T; Wol'p(.) ((2)).

In turn, its dual space V* satisfies
WH eV ews,
where wH =

Gl <0,T; W—W’(')(n)) and W7 =

L@ (o, T, w100 (n)).

3.2. of Multivalued
Mappings and the Topological Degree

Classes

Let X be a real, separable, reflexive
Banach space with topological dual X*,
and let (-,-) denote the canonical duality
pairing. We denote by u,, = u the weak
convergence in X.

We consider multivalued mappings
T:X — 2%, associating with each such
mapping its graph:

G(T)={(uw)eXxX:weT)}
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The mapping T is said to be
monotone if
(uq,wy), (uy,w,) € G(T), one has

(W; —wy,uy —uy) = 0.

for every

It is said to be maximal monotone if
its graph is maximal with respect to
all

mappings. That is, if (uy, wy) € X X X*

inclusion  among monotone
satisfies
(Wwog —w,ug —u) =0,V(uw) € G(T),
then necessarily (uq, wy) € G(T).

LetT: D(T) c X = Y be a mapping.
It is called demicontinuous if u,, = u
strongly in X implies T(u,) — T(w)
weakly in Y. The mapping T is said to be
of class (S,) if

u, = uin D(T) and
limsup(T (u,),u, —u) <0

n-oo
imply that u, - u.

Let L:D(L) € X » X* be a linear
maximal monotone mapping with dense
domain D(L). Let G € X be a nonempty

open bounded subset. Define the
following operator classes:
The class F; consists of all

operators of the form
F=L+S:GnD(L) - X*
where S i1s bounded, demicontinuous,
and of class (S,).
The class
homotopies of the form
Fit)=L+S®):G6nD(L) - X"t
€ [0,1],
where S(t) is a bounded family of

H; consists of all

demicontinuous operators of class (S,)
depending continuously on .
It 1s worth noting that H; includes
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all affine homotopies of the form
F(t) =L+ (1 —-1t)S; +tS,,
where L+ S; € F;, i = 1,2.

The following theorem, due to
Berkovich and Mustonen, establishes a
well-defined notion of topological
degree for the operator class Fg,
extending classical constructions to
monotone-type operators of the form
L+S. This

provides a robust tool for analyzing

generalized framework

solvability in nonlinear problems.
Theorem 3.1 (Topological Degree for
Fe)

Let L be a linear maximal monotone
operator defined on a dense domain
D(L)c X. Then
topological degree function

d:U-7Z

there exists a

where
U ={(F,G,h):F €F;, G c X open
and bounded, h & F(GG N D(L))}

satisfying the following properties:
(a) Existence: If d(F, G, h) # 0, then the
equation Fu =h has at least one
solution in G N D(L).
(b) Additivity: If G;, G, < G are disjoint
open sets such that

h & F (G1UG\(G, U G) nD(L)),
then
d(F,G,h) = d(F,Gy,h) + d(F,G,, h).
(c) Homotopy invariance: If F(t) € Hg
and h(t) & F(t)(aG N D(L))for allt €
[0,1], where h(t):[0,1] » X*
continuous curve, then the degree is

is a

constant along the homotopy:
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d(F(t), G, h(t)) = const for all t
€ [0,1].
(d) Normalization: Let | be the duality
mapping of X into X*. Then
d(L+],G,h) =1, wheneverh
¢ (L+))(0G nD(L)).

A principal application of this theory

is the derivation of surjectivity criteria
for operators in Fy, that is, conditions
ensuring that the range of F =L+ S
covers the entire dual space X*. Theorem
3.2 provides a first such criterion,
establishing full-range properties under
a coercivity-type condition on the
boundary of a ball in X [6].
Theorem 3.2 (Surjectivity Criterion)
Let F=L+S€Fy and let heX".
Suppose there exists R > 0 such that

(Lu+Su—hu)>0 forallu

€ 0BRr(0) N D(L).
Then the image of F is the whole space:
(L+S(DWL)=X"

In many applications, however, such
pointwise coercivity conditions on the
boundary may be difficult to verify or
To address this,
Theorem 3.3 offers a more flexible

overly restrictive.

criterion, replacing the boundary
condition with a growth assumption at
infinity. This formulation is particularly
well-suited to  nonlinear  partial
differential equations and variational
problems, where coercivity at large
norms often arises naturally from energy
estimates.

Theorem 3.3. Let L+ S € Fy, and h €

X*. Suppose that there exist R > 0 and a
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continuous function ¢:[0,0) - R such
that:
(Lu + Su — h,u) = ¢(Jlul), vu
€ D(L) with ||ul| = R,
and ¢(r) > 0 for all v = R. Then,
L+8)(DW)=x"
Proof. Lete > 0,t € [0,1], and consider
the family of perturbed operators
F.(t,u)=Lu+ (1—-1t)Ju
+ t(Su + gJu — h).
Since J is the duality mapping on X,
we have ( Ju, u) = ||u]|?. Note also that
0 € L(0), and that both J and S + ¢] are
continuous, bounded and of class (S,).
Thus, the family {F;(t,")}tefo1] defines
an admissible homotopy.
Let u € dBgr(0) N D(L).
assumption, we have
(Lu+ Su—h,u) = ¢(|lul]) = ¢(R) > 0.
It follows that
(F.(t,w),u) = (t(Lu + Su— h),u)
+H(A—-t)lu+ (1 —t+te)u,u) =
t-p(R)+ (1 —-t)(Lu,u)+ (1 —-t+
te)(Ju, u).
As
conclude

By

Ju,u) = |[ull* =R?,  we

(F.(t,u),u) =>t-¢p(R)+ (1 —t+te)R?

> 0.
Therefore, 0 ¢ F,(t,0Bg(0)), and
the degree
d(F(t,"), Br(0),0)
is well-defined and constant for all t €
[0,1]. In particular, by the normalization
property of the degree, we obtain
d(F(t,"), Br(0),0)
=d(L +],Bz(0),0)
=1.
Hence, for each € > 0, there exists u, €
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D (L) such that
0 € F.(1,u,) = Lu, + Su, + €Ju, — h.
That is,

Lu, + Su, = h — gJu,.

Since & - 0%, and [[Jucll = llull,
we may extract a subsequence (still
denoted u,) such that Ju, remains
bounded in X*. Therefore, taking & —
0%, we conclude the existence of u €
D(L) such that

Lu + Su = h.

As h € X* is arbitrary, we conclude

that

(L+8)(DL)=x"

This completes the proof.

4. Basic Assumptions and Main Result
We consider a nonlinear operator of the
form
a(x,t,8):Q x R¥ - RV,
which is assumed to be a Carathéodory
mapping and satisfies the following
structural conditions:
(h1) (Growth condition):
la(x, t, &) < ki(x,t) + c,|E|PI1,
forall (x,t) € Q, ¢ € RY, where k; €
LP'O(Q), ¢; > 0, and p(x) > 1.
(h2) (Strict monotonicity):
(aCet,9) —alxt,§)) - (¢ —§) >0,
for all (x,t) €Q, and all ¢&,¢& €
RN with & # &',
(h3) (Coercivity):
a(x,t,€) - § = cl§IPX — ky(x, 1)
>0,
forall (x,t) € Q, § € RN, with k, €
L'(Q) and ¢, > 0.
In addition, we assume that a(x,t,§) is
the gradient with respect to & of a
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continuous potential
A(x, t,8):Q xRY > RV ie.,
(h4) A(x,t,0) =0 and a(x,t,§) =
VeA(x, t,€);
(h5) a(x,t,é) & <px)A(x,t, &), for
all (x,t) € Q,¢& € RN,

To address the existence of weak

mapping

solutions, we introduce a Kirchhoff-type
function
M:R* - R*Y,

which is assumed to be continuous and
non-decreasing. We also assume that the
u(-, 1), v(, t) € WM(Q)
are such that the following condition
holds:

(My) There exist positive constants

functions

mg, my such that
my < M(t) < m,y,
€ [0, +).
Under the structural assumptions

for all t

(h1)~(h3) on the nonlinear operator
a(x,t, &), notably its coercivity and
quasi-strict monotonicity, Wwe can
establish a strong convergence result for
sequences that converge weakly. This
property is fundamental in proving the
stability and continuity of solutions with
respect to variations in the data. The
lemma below formalizes this key result.
Its proof follows similar lines to the
constant exponent setting; for further
details, refer to [9] and [10]

Lemma 4.1

Suppose that assumptions (hl)—(h3)
hold. Let (u,) € V be a sequence such
that u, — u weakly in V, and suppose

that
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f (alx,t,Vu,) — alx, t,Vu))
Q

- (Vu, —Vu)dxdt - 0.
Then u,, — u stronglyinV.

The following lemma is crucial to
the proof of the main result of the paper,
as it ensures that the nonlinear operator
S is bounded, continuous, and of class
(S;). These properties are key to
applying monotonicity-based existence
results, allowing us to handle the
nonlocal structure of the equation and

establish the existence of weak
solutions.
Lemma 4.2

Define the operator S:V = V* by

(Su,v) = fOT My () [,a(xt,Vu)
X Vv dx dt,

Yu,v evV.
Under assumptions (M) and (h1)—(h5),
the operator S enjoys the following
properties:
(1) The operator S is bounded and
continuous from V into V*.
(i1) The operator S is of class (Sy).
Proof. We divide the proof into two parts
corresponding to the two claims.
Part (i): Boundedness and Continuity
of S

Let u €V be arbitrary. From the
definition of S, for any v € V, we have
(Su, v)] < [ Ma(®) [ laCx, t, V)|
|Vv| dx dt.

Using the growth condition (h1), we
estimate
la(x, t, V)| < ki (x,t) + cq|Vu [P,
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where k; € Lp’(')(Q). Then by Holder’s
inequality in variable exponent spaces
fQ la(x,t,Vu)| - |Vv| dx dt

< fQ (ky(x,t) + cy) |Vv| dx dt

< € (lkall prerggy + N17alP@ | o )
x [vol

LP'(~) ©
Lp(‘)(Q)

Now using

assumption (M),

namely M (t) < m, we obtain
(5w, v < my € (eall o

pt-1
Lp(')(Q)

p -1

+ max {[[Val?,ct 5 |

[Vull
Therefore,

ISully- < myC (||k1||Lp’(-)(Q)

p -1 pT-1
LPO(Q)’ LPO(Q)
which implies that S is bounded.

+ max {||Vu| N

)

To prove continuity, we let (u,) C
V be a sequence such that
u, > u stronglyinV.
According to the definition of the

norm on V, this implies

f |Vu,, — Vu|P® dxdt - 0.
Q

In particular, up to a subsequence, we
have pointwise convergence
Vu,(x,t) » Vu(x,t) forae. (x,t)
€,
and, by the uniform integrability implied
by strong convergence, there exists a
function g € L'(Q) such that
|Vu,, — VulP® < g(x, t)
for all n and a.e. (x, t).
From the growth condition (hl) on a,
there exists C > 0 such that

la(x, t, Vu,)|P'®
< C(Jey (o, O [P'® + [V, |[PW),
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where k, € Lp'(')(Q) is given.

Using the convexity of & + |&|P™)
and the triangle inequality in modular
form, we have
Vit [P

< 2P 1([VuP® + |Vu, — VulP®)

< 2P" 1 ([Vu[P® + g).
Since |VulP™ € L1(Q) and g € L'(Q),
the
Consequently,

right side is  integrable.

DIolp0g. (a6 Tu) P @) ey

is dominated by an integrable function
independent of n, hence it is bounded in
L'(Q) and and uniformly integrable.
Because a(x, t,') is continuous a.e.
(x,t) € Q, and
Vu,(x,t) - Vu(x,t) ae.inQ,
by Vitali’s convergence theorem we
obtain
a(x,t,Vu,)
- a(x,t,Vu) strongly in LP' O (Q)V.
Define for each t € (0,T)
An(x, ) = a(x, t, Vu, (x, 1))
Vu,(x,t), A(xt)
= a(x,t,Vu(x,t))
-Vu(x, t).
By Holder’s inequality
exponent spaces and the above strong

in variable

convergences, it follows that
A, > A strongly in L1(Q).
Hence, fora.e. t € (0,T),

JAn (x,t)dx — jA(x,t) dx.
0 0

Since M: R = R is continuous and
bounded on bounded sets, define
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M,(t)=M (f A, (x,t) dx>.
0

Then,
M, (t) > M,(t) forae.t € (0,T)
and |[M, ()| < my,
for some constant m; > 0.
Let v € V with ||v]|y, < 1. We write

(S (un) — S(w), v)

= |f0T[Mn(t) J,a(x,t,Vuy) - Vv dx)
—M, () [, a(x,t,Vu) - Vv dx|dt|

< [{ 1M (DI [ laCx, t, Vu,) —
a(x,t,Vu)|. |Vv| dxdt + [ |Ma(t) -
M, [, lalx, t, Vu)|. |Vv| dxdt
=1, +1,.

By Holder’s inequality and the
boundedness of ||v||y,

I <

my|la(x, t,Vu,) — a(x, t, Vu)IILpr(.)(Q)

X IVl oo gy

< my|la(x, t,Vu,) — a(x, t, Vu)IILpr(.)(Q)
-0

Since

t = [ lalx,t,Vw)| |Vv|dx € L'(0,T),
and M, (t) » M,(t) a.e. with uniform
the
convergence theorem implies
I, - 0.
Part (ii): The operator S is of class
(S4)-
Let u,, — u weakly in V, and suppose

boundedness, dominated

limsup(Su,, u, —u) < 0.

n—-oo

From the definition of S, we have
(Sun: Up — u) =

T
fo Mn(t) f_Q a (X, t, vun)(vun -
Vu) dx dt.
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Defne the functions
d)n (t) = fﬂ(a(‘xl tr Vun) -
a(x,t, Vu)) (Vu,, — Vu) dx.

We estimate

(Sup, up —u) =

[3 Mp(®) [ (alx,t, Vi) —

a(x, t,Vu)) (Vu, — Vu) dx dt

+ [ Ma () [, a(x,t, Vu) (Vu, —
Vu) dx dt

= [T Mp (D (D) dt +

T
[T My(©) [, aCx,t, V) (Va, —
Vu) dx dt.
The second term tends to zero due to the
in

weak convergence Vu, — Vu

LPO(Q)N and the growth bound (hl),
which ensures a(x,t,Vu) € LP'O(Q)V,
while the uniform boundedness of M,, (t)
guaranteed by (M,) preserves this
convergence. Consequently

limsup fOT M, (t) fn(a(x, t,Vu,) —
n—->oo

a(x,t, Vu)) (Vu,, —Vu) dx dt < 0.
Applying the assumption (h2) with & =
Vu,(x,t) and n = Vu(x, t), we see that
the integrand is nonnegative and strictly
positive on any subset of positive
measure where Vu,, # Vu. Thus,

T T
mg Jy @n () dt < [ My () @ (t) dt,
and this implies

lim fOT @, (t)dt = 0.

n—->oo

Now, invoking Lemma 4.1, we deduce
that u,, — u strongly in V. Hence, S is of

class (S.,).
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Theorem 4.3 (Existence of Weak
Solutions)

Let h € V* and uy € L>(). Then there
exists at least one weak solution u €
D(L) to problem (1.1), in the sense that
forallv €V, the following identity holds
- o U Ve dxdt +

+ fOT M, (1) fﬂ a(x,t,Vu)Vv dx dt
= fQ hv dxdt.

Proof-

We first define the linear operator
L:V 2 D(L) = V*, corresponding to the
time derivative in distributional sense,
by

D(L)={veV:v' eV* v(0)

= 0},and
(Lu,v) == — fQ uv, dxdt

= [, (u(®), v(®) dt.
forallu € D(L) andv € V.

It is known that L is a densely
defined, maximal monotone operator in
V, as shown in Propositions 32.10 and
32.L [I1].

Next, we introduce the nonlinear
operator S:V — V™ naturally associated
with the Kirchhoff-type nonlinearity
appearing in the problem
(Su, v)
= fOT My (t) [, a (x,t, Vu)Vv dx dt.

As established in Lemma 4.2, the
mapping S is bounded, demicontinuous,
and of class (S,). To establish coercivity
of L + S, consider any u € D(L). Then,
(Lu + Su,u) = (Su,u)

= fOT My(t) J, a (x,t,Vu) X Vu dx dt.

Using the structure conditions on a
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and the monotonicity of M, we obtain
(Lu + Su, u)

T
Zmofj
0o o

[cz |Vu(x, £)|P® —k, (x, t)]dxdt

T
> szoj fIVu(x, £)|PX dx dt
0 Jo

—my ||k, ||L1(Q)-
the  generalized

inequality, integrability of k, and the

From Poincaré

embedding properties of variable

exponent Sobolev spaces, we conclude

that there exists a constant C > 0 such

that

(Lu + Su,u) > CIIVuIIZL’,,(.)(Q)
—m0||k2||L1(Q),

for some p > 1, whence coercivity

follows
(Lu + Su,u) » +o as ||lu]ly - .
By standard arguments, this

coercivity implies that, for every h € V7,
there exists R = R(h) > 0 such that
(Lu+ Su—h,u) >0
for all u € D(L) with ||lu]|, = R.
Therefore, by applying Theorem 3.2 on
the topological degree for L + S, we
conclude that the equation

Lu+Su=h
admits at least one weak solution u €
D(L). This function satisfies the weak
formulation of (1.1), completing the

proot

5. Conclusion

We have shown the existence of
weak solutions to a class of Kirchhoff-
type parabolic equations with variable
exponents. By extending topological
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degree methods to this nonlocal, treating complex evolution problems
nonlinear setting, our result highlights with nonstandard structure.
the versatility of degree theory in
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NGHIEM YEU CHO LOP BAI TOAN PARABOLIC PHI PIA PHUONG
KIEU KIRCHHOFF BANG CACH SU DUNG Li THUYET BAC TOPO
Pham Vin Dy
Trudng Pai hoc Pdng Nai
Email: dupv@dnpu.edu.vn
(Ngay nhan bai: 13/6/2025, ngay nhan bai chinh stra: 11/8/2025, ngay duyét dang: 24/10/2025)

TOM TAT
Chiing téi nghién ciru mét 16p cdc phiong trinh parabolic phi tuyén, phi dia
phwrong, c6 ddc tring béi mét thanh phdn kiéu Kirchhoff va su ting truéng theo sé mii
bién. Cdac phwong trinh nay xudt hién tw nhién trong mé hinh héa cdc qud trinh vat Ii
phikc tap nhu chat 1ong dién méi va khuéch tan bat dang hiedng, noi sw twong tdc gitta
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diéu kién tang trudng phi chudn va cdc hiéu g phi cuc b dong vai tro quan trong.
Ldy cam himng tir déng gop gan day cia M. Ait Hammou [Kragujevac J. Math, 47(4),
523-529 (2023)], nguoi di sir dung li thuyét béic topo dé gidi quyét cdc bdi todn
parabolic quasilinear lién quan dén todn tir p(x) —Laplacian, ching t6i mé rong khung
phdn tich nay cho cdc todn tir kiéu Leray—Lions phu thuéc gradient, két hop véi cdc hé
$6 phi cuc bé kiéu Kirchhoff. Dua vao nén tang trén, ching t6i sir dung mét phién ban
tinh chinh cua li thuyét béc Berkovits—Mustonen dé chung minh sw t6n tai cia nghiém
yéu trong cdc khéng gian Sobolev véi s6 mii bién. Hudng tiép cdn két qua ciia chiing téi
la dwa vao viéc xdc minh cdc tinh chdt quan trong ciia todn tir lién quan — chang han
nhu tinh lién tuc, bi chan va diéu kién (S,) — dé dp dung ldp ludn diém vé Ii thuyét
Béc Topo cho tong cdc todn tir. Bai bdo ndy givip mé réng pham vi iing dung ciia cdc
phwrong phdp Bdc Topo dén mét 16p réng hon cdc phwong trinh parabolic phi tuyén,
bao go”‘m nhiéu mé hinh véi khuéch tan phi chudn va cdc hiéu ung phi cuc bo.

Tir khoa: Cdac bai toan parabolic phi dia phwong, toan tir p(x) —Laplacian, bdc
topo, s6 mii bién
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